The Heisenberg-Langevin equation for a spatial laser soliton in a wide-aperture laser with saturable absorption is constructed within the framework of consistent quantum electrodynamics. We discuss in detail the canonical variables for the generation field and the material two-level medium, consisting of centres providing amplification and absorption. It is assumed that laser generation evolves in time much more slowly than an atomic media. This assumption makes it possible to apply the adiabatic approximation and construct a closed equation for the amplitude of a laser field. Much attention is paid to the formulation of Langevin sources when deriving the equation since they play a decisive role in the formation of solitons' quantum statistical features. To provide an appropriate procedure for observing the quantum squeezing of a soliton, synchronization of laser generation by an external weak electromagnetic field is considered. Here we also present the results of the analysis of a classical laser soliton (neglecting the quantum fluctuations), which serves as the basis for further consideration of quantum effects.
I. INTRODUCTION
The dissipative optical solitons [1] are of considerable interest since the realized dynamic balance of energy afflux and drain provides their increased stability compared to the more studied conservative solitons [2] . The extreme possibilities of information applications of dissipative solitons are dictated by quantum fluctuations of the field and the medium in which they propagate. The squeezed states with a noise level lower than that in the coherent state are theoretically predicted and experimentally realized for the radiation corresponding to conservative temporal solitons [3] [4] [5] . Similar studies of the quantum fluctuations of spatial conservative solitons were performed in [6] [7] [8] .
For spatial dissipative optical solitons, quantum effects have not been studied in such detail. The analysis of squeezed radiation of such solitons in a parametric oscillator scheme are summarized in the monograph [9] . In [10] [11] [12] , the Langevin quantum equation for spatial solitons in a wide-aperture passive nonlinear interferometer with coherent external radiation is derived. Obtained solution of this equation makes it possible to find the statistical dispersion of fluctuations of the average position and momentum of the soliton and the conditions for the squeezed states realization.
However, currently there are no studies of quantum fluctuations of spatial dissipative solitons in another scheme -a wide-aperture laser with saturable absorption. Such a scheme, proposed in [13] (for an analysis of the subsequent studies of this scheme, see [1] ), compares favourably with the scheme of an interferometer with a high-intensity contrast in the centre of the soliton in comparison to its periphery. The development of the † deceased theory of quantum effects for such laser solitons is the main goal of this report. For generality and methodological purposes, we consider a more universal scheme of a wide-aperture laser with saturable absorption and holding weak radiation. This scheme is reduced to the simple laser scheme for zero intensity of the holding radiation, or to the scheme of a nonlinear interferometer with holding radiation when replacing the material equations for the medium.
II. HAMILTONIAN FOR LASER SOLITON

A. Physical model of a laser soliton
It is assumed that there are two different media consisting of two-level atoms in an travelling wave optical cavity with volume V = SL (S is the cross-sectional area of the cavity, L is the perimeter of the cavity). One of them is the active medium and it provides laser generation, and the other is the passive one, providing saturated absorption of the generation field. Fig. 1 shows the energy structure for the atoms of the active and passive media. It can be seen that the upper level of the active medium is excited due to incoherent pump at a rate of R. The passive medium is excited to the lower level at a rate of R p . Laser generation described by the Heisenberg operatorâ and assumed to be resonant to both media. Each of the levels of these two media spontaneously relaxes to some third levels.
As for the optical cavity, it is a cavity of travelling quasiplane waves. One of the waves travelling along the z axis (along the cavity axis) is a laser wave. It is assumed that the transverse cavity size √ S is much larger than its perimeter L so that the transverse modes form a continuous spectrum.
Initially (before generation), the atoms of both media considered to be evenly distributed inside the cavity. However, we will take into account the possibility of the appearance of transverse spatial inhomogeneity in the form of a laser soliton when constructing the theory.
B. The amplitude of laser generation
The intracavity generation field will be considered as quasi-plane quasimonochromatic wave. We can write down the electric field in the form
The Heisenberg operatorâ(z, ρ, t) is treated as a field amplitude operator, describing, in particular, a laser soliton.
Since the optical frequency in this expression is distinguished as a separate factor, the amplitudeâ(z, ρ, t) is slow. Here we will aim to obtain a closed equation for this quantity.
Since any field inside a cavity can be represented as a linear superposition of plane eigenmodes of the cavity, the operator of the electromagnetic field takes the form:
Here by the index k the set of indices k x , k y , k z is meant
We represent the wave vector k as the sum k = k z + q, where the quantity k z numbers the longitudinal waves running along the axis z, and the vector q numbers the transverse waves.
Comparing the formulas (1) and (2) with each other, it is easy to obtain:
Further, we will assume that only one longitudinal mode k z = k 0 engaged in laser generation. As can be seen, the laser amplitude ceases to depend on the coordinate z, and summation over the wave vector k turns into summation over the wave vector q, when determining the amplitude. The decomposition (4) will be further used to build the commutation relation â( ρ, t),â † ( ρ ′ , t) .
C. Collective variables for active and passive medium
As already noted, the cavity is evenly filled with a medium consisting of two-level atoms. These atoms form two independent ensembles. One of them provides laser generation, and the other provides saturated absorption of laser generation. We suppose that all atoms are motionless and do not interact with each other. For simplicity, we assume that the transition frequencies are the same for different atoms. Each two-level atom of the active medium is described by three Heisenberg amplitudes: the coherenceσ j , the population of the upper levelσ j 2 and the population of the lower levelσ j 1 . Here the index j numbers the atoms of the active medium. Similarly, for a passive medium, the variablesπ j ,π j 2 andπ j 1 introduced. Individual amplitudes are written as projection operatorŝ
and there are commutation relations
Here we suggested that the medium is homogeneous in the longitudinal direction and does not depend on the spatial variable z, just as it was for the field.
Further we will not follow individual variables, but collective ones, which are defined as linear superpositions of individual variables in the form
Here δ a = ω 0 − ω a is the shift of the laser frequency regarding the atomic frequency at the laser transition. Collective variables of passive media are defined similarly:π
Here δ p = ω 0 − ω p is the shift of the laser frequency regarding the atomic frequency of the passive medium. The Hamiltonians of the interaction of the laser field a( ρ, t) with both media under the dipole approximation and the approximation of slowly rotating amplitudes have the form
Here the interaction constants are expressed explicitly in terms of the off-diagonal matrix elements of the dipole moments µ (for the active medium) and µ p (for the passive medium) in the form
III. THE INITIAL SYSTEM OF EQUATIONS FOR THE FIELD AND THE MATTER
A. Commutation relations for collective atomic variables and field amplitude
To write the equations for operator quantities, it is necessary to know the corresponding commutation relations. Firstly, let us discuss the field variable. We rewrite the equality (4) taking into account that only one laser mode among the longitudinal waves is included in generation.
To do this, we replace the summation over k with the summation over q. In this case, we obtain
Consequently, equality for the commutation relation can be written in the following form:
We take into account that the transverse cavity size √ S is so large that the transverse modes form a continuous spectrum. This allows us to replace the summation over the transverse modes with integration according to the rule
We can represent an arbitrary wave vector as the sum of the wave vectors of the longitudinal and transverse waves k = k 0 + q. Consequently, the k 2 = k 2 0 + q 2 , and then under the paraxial approximation k 0 ≫ q the following formula can be written
Replacing the summation in the formula (22) with integration according to the rule (23), we obtain after integration the expression
Here we denotẽ
Now let us discuss the commutation relations for atomic variables. To do this we use the definition of collective variables (12) - (14) and the commutation relations for individual variables (6) - (8) . Then we can write the following equalities for the active medium
The definition of the collective variableπ exactly coincide with that ofσ, so the commutation relations forπ will also coincide with relations forσ
In the presence of the Hamiltonian and commutation relations, we allowed to use standard recipes of quantum theory and write Heisenberg equations for operators of field and atomic variables. As is clear, these equations cannot be considered completely satisfactory, since such important circumstances as field and substance relaxation are not taken into account in this equations. The factor of excitation of the medium is also do not consedered.
To fix the situation we should proceed as follows. The actual terms of relaxation (leaving the system) and excitation (coming from outside) are phenomenologically introduced into the equations. This action is completely legitimate in calculations in classical electrodynamics. But in the framework of quantum theory it should be supplemented, according to the fluctuation-dissipation theorem, by the introduction of Langevin forces. The resulting new equations are usually called the Heisenberg-Langevin equations. It should be noted that we called this approach phenomenological, but, in fact, this is not so, as this approach could be easily justified within the framework of quite adequate physical models [14] .
The obtained Heisenberg-Langevin equations are quite suitable for physical analysis. However, to simplify the mathematical expressions, let us replace the operator quantities by c-numbers . To do this, it is enough to assume that we will be interested only in such measurement procedures that are associated with the observation of normally ordered means. According to, for example, [14] normal ordering of operators is defined asâ †σ †σ 2σ1σâ or a †π †π 2π1πâ .
The transition to c-numbers could be done through the following steps. First of all, it is necessary to put the product of operator quantities in the normal order using commutation relations in every term of the Heisenberg-Langevin equations. Then all operators (including Langevin operators) must be turned into cnumbers. To do this, simply remove the "hats" , indicating the operator nature of the quantities. Moreover, the properties of Langevin sources change significantly. The work [15] investigated in detail how to find new correlation functions for these sources.
The equations in the c-number representation can be written as
These equations are very similar to operator ones, but "operator hats" are removed everywhere.
As can be seen from the equations, we took into account the relaxation of the active medium from the upper laser level at a speed of Γ 2 and the excitation of this level at a speed of R a (pump). The lower laser level decays at a speed of Γ 1 . Spontaneous decay from the upper laser level to the lower one is not considered.
In the same way, the spontaneous relaxation of the passive medium from the upper to the lower level is not considered. A passive medium is excited through the lower level at a speed of R p and relaxation from the lower level occurs at a speed of γ 1 . Decay rate from the toplevel denoted as γ 2 .
Langevin sources for the active medium in c-number representation are defined by the following equalities. First, we write the general equality
In this case, nonzero correlators are written as
We took these correlation relations from [15] , generalizing it to the physical system with transverse inhomogeneity.
Here it is necessary to pay attention to the parameter 0 ≤ s a ≤ 1, which enables us to consider not only the average excitation rate of the upper laser level R a , but also to follow the fluctuation of the excitations. In the extreme case s a = 0, atoms are excited independently of each other and randomly in time (Poissonian pump). And for s a = 1, there is strictly regular pump without noise (sub-Poissonian pump).
We can write down the correlation properties of sources for a passive medium
The meaning of the s p parameter is exactly the same as s a , but with respect to the lower level of the passive medium. The correlation properties of Langevin sources for a passive medium was calculated following the recipes [15] .
In [16] , the correlation relations for the passive medium (46) -(51) were calculated incorrectly.
IV. A QUANTUM EQUATION FOR THE FIELD AMPLITUDE UNDER THE ADIABATIC APPROXIMATION
The system of seven equations (33) -(39) completely describes the laser system, including the soliton case. It, in principle, make it possible to obtain all the necessary information about the generation field formally represented by the amplitude a( ρ, t). However, we will make further efforts here to build a closed equation for this amplitude. It can be done under the assumption that the field variable evolves much more slowly than atomic ones. This situation could be described with the following inequalities
As is known, in this case, it is possible to exclude atomic variables adiabatically from consideration and construct a closed equation for a field variable.
To avoid overly complex formulas, we require the fulfillment of the following inequalities
These requirements provide inversion of the population of the upper level of the active medium and the lower level of the passive environment. For simplicity, we also assume that δ a = 0, δ p = 0, that is, the frequency of the laser field coincides with the mode frequency and with the frequencies of atomic transitions. Assuming that in equations (33) -(39) all time derivatives to be equal to zero, we obtain two independent systems of algebraic equations. One of them for the active medium in the form Γσ = g(σ 2 − σ 1 )a + F, (54)
and the other is for passive medium γπ = g p (π 2 − π 1 )a + G, (57)
We solve these equations for the atomic variables, assuming that the laser field amplitude remains unchanged in the adiabatic approximation. As a result, the variables σ and π will be expressed through the laser amplitude a( ρ, t). We substitute these solutions into the equation (33) and thereby obtain the closed equation for this laser amplitude in the form
In the equation A = βR a and A p = β p R p are the linear gain of the active medium and the absorption of the passive medium. The values β = 4g 2 /(Γ 1 Γ 2 ) and β p = 4g 2 p /(γ 1 γ 2 ) determine the nonlinear properties of the active medium and, accordingly,the passive one. The inverse quantities β −1 , β −1 p have the meaning of the number of photons saturating the corresponding atomic transition.
When writing the equation (60), we took into account the fact that in order to observe quantum features, it is necessary to suppress phase diffusion in the laser. Laser radiation can be synchronized by a weak external field in a coherent state. We denote the amplitude of the holding field in the form a in and assumed that the frequency this field is shifted from the current mode frequency by ν in .
V. THE LANGEVIN SOURCES IN ADIABATIC C-NUMBER THEORY
In order to calculate the Langevin sources Φ and Φ p in equation (60), we must use the correlation relations (40) -(51). However, the latter turn out to be undetermined, since they depend on unknown quantities σ, σ 1 , σ 2 and π, π 1 , π 2 . To find these quantities, we use the equalities (54) -(56) and (57) -(59). After averaging them, two closed algebraic systems of equations arise with respect to the indicated quantities. Solving the equations, we obtain for the active medium
βR a a 1 + I ,
and for the passive one
Substituting this into the formulas (40) -(51), we obtain fully defined correlation properties of the original Langevin sources. Now we have the opportunity to explicitly write the sources Φ and Φ p . In the adiabatic equation, the Langevin force is represented by two terms. The first of them is formed by the active medium and turns out to be a combination of the initial sources F, F 1 , F 2 , and the second is the combination of the sources G, G 1 , G 2 , that is, it is formed by the passive medium. It turns out to be convenient for calculations to write down sources in the form
Here the parameters ξ a , ξ 2 determine the contributions from the initial sources F, F 1 , F 2 in the form
The parameters ξ pa , ξ p1 determine the contributions from the sources G, G 1 , G 2
Now we are able to calculate the mean values we need. It is easy to obtain the following nonzero moments
There is an essential circumstance lies in the fact that the physical parameters (γ 1 /γ 2 I p ), (γ 1 /γ 2 ), (Γ 2 /Γ 1 ) were chosen by us as extremely small, when calculating Langevin sources. At the same time, for a passive medium, it still remains possible to consider the saturation conditions that occurs if I p ≫ 1.
Now we can write the correlation relations for the sources Φ and Φ p
Thus, the theory of laser soliton is completely formulated in the form of the Heisenberg-Langevin equation (60).
VI. CLASSICAL THEORY OF A DRIVEN LASER WITH SATURABLE ABSORBER
Governing equations. Further, we intend to investigate the quantum features of the soliton close to the classical one. Therefore, in this section, we describe the main properties of the classical soliton.
Neglecting quantum fluctuations, the equation (60) is written in the following dimensionless form, which coincides with that adopted in our previous works at E in = 0, see [1, 13] :
Here, the time t is normalized to linear amplitude losses, the transverse coordinates ρ = (x, y) -to the width of the Fresnel zone, the intensity I = |E| 2 -to the saturation intensity of the absorber, b = β p /β is the ratio of the saturation intensities of the active and passive centers, ∇ 2 ⊥ = ∇ 2 ρ (dashes in (74) are omitted):
For dimensionless gain and absorption coefficients in the center of the lines g 0 and a 0 and the total nonlinear gain f (I) we use the notation [1, 13] :
Here it was more convenient for us to consider the frequency of the external signal (holding radiation) as the carrier frequency and introduce the frequency mismatch between it and the frequency of the longitudinal cavity mode θ = (ν in − ν 0 ) / (κ/2). The mode frequency corresponds to the centers of the gain and absorption lines. Generally speaking, for θ = 0 the function f (I) becomes complex. But if the frequency shift is much smaller than the line width, then the imaginary part of f is small and can be neglected. In numerical calculations, fixed values of the parameters b = 10, a 0 = 2, g 0 = 2.08 for transversely one-dimensional and g 0 = 2.11 for twodimensional geometry are used. Stationary homogeneous lasing. First, we would consider spatially homogeneous stationary solutions of (74), assuming, without loss of generality, E in > 0. For this solutions, setting E = √ Ie iϕ , we reduce the equation (74) to
Therefore there are two solutions with exact resonance (θ = 0): inphase, ϕ = 0, and antiphase, ϕ = π. Fig.  2 (a) shows the hysteresis dependence of the intensity of the homogeneous regime I on the intensity of the holding radiation I in = |E in | 2 at a constant value of g 0 for the two values of the detunings θ. The stability of solutions (79) is checked by calculating the growth increment of small perturbations in the framework of linearized equations (74). For the selected parameters, the lower and upper branches of the hysteresis curves in in-phase mode correspond to stable regimes, and all antiphase modes are unstable. Synchronized solitons. There are various types of spatial solitons corresponding to transversely localized generation with a certain frequency ν s in a laser with a saturable absorber without holding radiation [1, 13] . The frequency is the eigenvalue of the problem
arising from the substitution of E = A( ρ) exp (−iν s t) into the master equation (74). With very weak holding radiation, the field inside the cavity can be considered as a superposition of the soliton field and the field corresponding to stable homogeneous generation on the holding radiation frequency. If this frequency is not close to the soliton frequency, the total field is weakly modulated in time with the difference frequency ν s − ν in . Therefore, for the synchronization of a soliton by holding radiation, it is necessary to ensure that the intensity of the holding radiation exceeds a certain critical value, which depends on the frequency detuning θ. Fig. 2 (b) shows the parameters' domains in which such synchronization is achieved in the transverse one-dimensional and twodimensional cavity geometry. It can be seen from the figure that these domains are out of the bistability regions of homogeneous generation regimes. Calculations show that not only synchronization but also the localization of the structure disappears when the intensity of the holding radiation exceeds some other critical value. In this case, there is a consistent expansion of the region of either low-intensity homogeneous generation over the entire laser aperture or generation with beats, in dependence on the frequency detuning. It should be noted that with the optimal choice of the frequency detuning, holding radiation with a very low intensity I in ≈ 4 × 10 −6 is sufficient to achieve synchronization. The transverse profile of the synchronized soliton is shown in Fig. 3 also for two geometry variants. At the periphery of the soliton, the field tends to the field of homogeneous generation considered above. The corresponding background is very small (|E| ≈ 0.02). At the same time, spatial beats are observed in the peripheral part, which can be interpreted as the result of interference between the fields of the soliton itself and the field of homogeneous generation. In the central part of the soliton, significant changes in the profile of the soliton, in comparison with the variant of the absence of holding radiation, do not occur.
Figure 3:
Amplitude profiles for the one-dimensional (a) and two-dimensional (b) synchronized solitons. Curve 1 is a steady-state laser soliton without a holding beam, 2 is a synchronized soliton for Ein = 0.02, θ = 0.043, 3 is the phase profile of the synchronized soliton, 4 is the amplitude of the homogeneous generation regime. g0 = 2.08 (a), 2.11 (b).
VII. CONCLUSION
The presented report is one of a series of works aimed on studying the dynamic and quantum-statistical properties of the laser soliton. Our first publication [16] could be considered as preliminary and was devoted to laser generation with the presence of saturated absorption. In that case, no spatial structure was taken into account, that is, our consideration was not directly related to the laser soliton problem. Nevertheless, this allowed us to evaluate important methodological features of laser generation in the presence of an absorbing medium for their further use for soliton analysis.
On this methodological basis, in the present work, the non-linear Heisenberg-Langevin equation in partial derivatives was obtained. This equation describes the formation of the soliton and its statistics. It was assumed that the system under consideration can be described in the framework of the adiabatic approximation. This approximation could be achieved if the evolution of the laser field is slow in comparison with that of both (active and passive) atomic media.
Thus, at this stage, we make it possible to comprehensively describe the system in the future. All questions related to the quantum-statistical description can be explained when solving the obtained basic equation. In this work, we performed a numerical analysis of the solution of the equation in the classical limit. The main results of this analysis are as follows. For a wide-aperture driven laser with saturable absorber, there are parameters' domains where synchronized classical laser solitons exist. They present localized lasing with frequency of the holding radiation. The synchronization domains are located outside the regions of bistability of homogeneous lasing modes. To synchronize the soliton, holding radiation with a very low intensity is sufficient. Note that this stage is important not only on its own but also for the statistical description of the system since we follow the quantum fluctuations against classical soliton.
The resulting equation enables us to study the laser soliton with or without the quantum features in it. To ensure the reliability of the results in quantum theory, we must very carefully define the Langevin sources. First, we must build all Langevin sources at a basic level. In this case, each canonical variable will have own source, and each of these sources in the adiabatic approximation somehow forms the resulting source in the equation for the generation field.
As for quantum features, they can arise for two reasons. Firstly, due to external reasons, namely, due to the sub-Poissonian nature of the excitation of an active (or even passive) medium. Second, due to internal reasons related to the complex nonlinear interaction of the field and matter. In the future, we intend to clarify these issues on the basis of the equation obtained in this article.
